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INTRODUCTION

1. LET 7(x) denote, as usual, the number of primes less than or equal to 2
which we suppose always to be not less than 2, and let

liz — lim( f f )
e—0 lOg u

1+4e€

The difference d(x) = #(x)—lix is negative for all values of x up to 107,
and for all the special values of x for which (x) has been calculated (e.g.
d(x) = —1757 for x = 10°). Littlewood (1) proved in 1914, however,

that d(x) changes sign infinitely often, and in particular there exists an X
such that d(x) > 0 for some x << X. This last result is our present subject.
Littlewood’s method depends on an ‘explicit formula’, as does all subse-

quent work, including the present paper.
If 6 is the upper bound of the real parts of the zeros p = B+iy of the

Riemann zeta-function {(s), the ‘Riemann hypothesis’ [(RH) for short’
is that 0 = }; if this is false, then } < 6 < 1. In this latter case it had
long been known that, for each positive e, d(x)/z%-¢ oscillates, as x tends
* to infinity, over a range including -4-1. In proving the mere existence of
an X it is therefore permissible to assume (RH), and Littlewood naturally
did this.

Littlewood’s theorem is a ‘pure existence theorem’, and does not pro-
vide, even when (RH) is assumed, an explicit numerical X.

When we face the problem of a numerical X, free of hypotheses, the

argument falls naturally into three stages.
(i) A new method is found which assumes (RH) and provides a numerical

X = X,. Igavesuch a method in 1933 (3). In the meantime Ingham (4)
has developed an alternative method (which he applies to the more general
problem of the infinity of changes of sign of d(2))). This, adapted to our more
special case (one change of sign) and with some further modifications, gives
a much better X, than my original paper did; the argument is given in full
in Part I. One of the advantages of the new method is that we can largely
eliminate the p’s beyond a given point; we operate in fact with the 260 p's
with 0 < y < 500, whose position is approximately known.



ON THE DIFFERENCE =(x)—liz £

(ii) (This is easy.) The whole argument in (i) is based on the expheit
formula for y,(x) = Hb(x+0)+(x—0)} (in the usual notation of the

-subjeet) (2). This is
P L(0), !
bol@)—2 = — > = lo ( -—---) for x > 1.
) =~ p (0 —roB| !
In the course of the proof the terms of the series Y ?/p with |y| > G = X{
can (roughly) be rejected as negligible, (RH) or not. It is enough in other
words, to suppose, instead of (RH), only that 8 = } for those y’s satisfying
l¥| < G. This hypothesis can in turn be weakened; for z < X,, the Bt

concerned differ from |x}+¥| by something negligible, provided the B’s

concerned satisfy
b=pB—%} < B= Xi3log2X,.
With minor adjustments, then, the proof in (i) can be made to provide
an X, |actual value expexpexp(7-703)] subject only to the double modi-
fication of (RH) explained above. This modification, which we will call (H),
18, to repeat,
(H) Every zero p = B-+iy for which |y| < G = X3 is such that
b=p—31< B= X;3log2X,.
(iii) Since (H) leads to an X, it remains only to show that (NH), the
negation of (H), leads to an X, i.e. that d(z) > O for some x < X,. Now
(NH) asserts the existence of a p = p, = B,-}1y, with

0 <y < G = 4j, by = By—1% > B,

where B = X;3log-?X,;

that is, it provides a more or less given p to the right of ¢ = 4. In par-
ticular, it asserts that 6 > }-} B, in which case an X, certainly exists in
virtue of the old theorem about d(x) > f-¢. 1t is natural to expect further
that the proof of that theorem could use the existence of the special p, to
provide anumerical X,. But this turns out not to be so; the proofin question
is another ‘pure existence’ one. Some further idea is called for, and I am
in fact indebted to Professor Littlewood for the sketch of a method for the
simpler problem of finding an X such that, for a given & > 0 and for some
z < X, Y(x)—x > hvz.

There is now a last unexpected point. In the past it has always been-
possible to work with the function () and its simpler explicit formula,
with only. a last minute switch, on established lines, to #(x). But with
(NH) this is no longer possible, and it is necessary to work, in finding X,,.
with I1,(z) = ${I1{x-+0)4-II(x—0)}, where

M
I(z) = z 2 —a(zt™), M = [logzflog 2].

5888.3.5 E
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The explicit formula for I (z) is, for x> 1,

[1y(x) = llx——thP-{- f(u2 —log 2.

—1)ulogu

In the actual working out of the paper stages (i) and (ii) are telescoped,
and (RH) never appears. In Part I we assume (H) from the first, and
arrive at an X, = expexpexp(7-703). Part II then assumes (NH) and
arrives at an X, differing negligiblyt in expression from eX:: a (just) per-
missible X, is

10103
10
10

I wish in conclusion to express my humble thanks to Professor Littlewood,

but for whose patient profanity this paper could never have become fit for
publication.

PART 1

2. We begin by collecting, in Lemma 1, some results about the zeros p.
The fundamental theorem underlying all its results 1s as follows (9).

Let N(T) be the number of roots p = B-}-1y of the {-function satisfying
0<B<Lo<y<<T. Then

T. T
N(T') = "2;1085;6'+ R(T), (1)
where | R(T)| < (0-137)log T'-+(0-443)loglog 7'+ 4-350.

We make use also of the known values of y,, y,,..., y29, that is, all the 3’s
satisfying 0 < y < 100. We have now

LeMMA 1. Forall T > y, = 14-13...,
: 1 )
(1) Z ~ < z—-—log T,

0<y<LT Y
. 1 1 logT
y2T
(111) -—1-5 < 0:0233
y>0 L4
For |h| < 37T,

We suppress throughout the details of purely numerical calculations.

+ X119 differs negligibly (in its top index) from X,. For this and similar reasons

some of our approximations can be very crude; only in those bearing on a top index
is refinement called for.
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We obtain (i) from (1) and the formularf

N*(x) N*(T)

L f o+
0<yn< T y?l nom=1 yn Yoo

where N*(T') = N(T)—29. Since Z — < 0-5925, this leads by straight-
yﬂ

=1
forward calculation to ’

Z L long _log2m ~log T+ R,(T),
., % T 4y 27

where |R,(7T')| < 0-312. This leads at once to (i).
We obtain (ii) similarly, from (1) and the formulat

Z L _ J‘ 2N (x) dx—-N(T).

3 2
y#T'y J x T

Of the remaining results (iii) is known, and (iv) follows at once from (1).

3. LEMMA 2. Let y(x) be defined, as usual, by

Po(x) = Hip(x+0)+¢(z—0)},
where J(x) = > A(n). For x > 1, y(x) is known to possess the explicit

nge
formulai [
(0) 1
'J’O(x)“x — T Z (0) %log(l '"“55)! (2)
where Z — 18 defined as the limit of Z Y as T >0, I f
p P Yi<T P
Z ?':‘f = Z E:f‘l" R(z, T'),

P P Iyl<T P

then
a:3 logﬂT

() |R(z, T)]| < 1000~

-+3logz (x >e, T > 9);
(il) |[B(z, T)| < (0-0001)3:* (a: exp(10%), T > a?);

(111) = e).

P
p -
The proof of (i) proceeds by straightforward calculation on the lines of the

proof of (2); (ii) follows from (i); and (iii) follows from (2) and the definitions
of Y,(x) and (), since

2 Aln) <zlogz and |h(x)—i(z)| < §logx.

nx

1 (2), 18, Theorem A. 1 (2), 77, Theorem 99.



- 8. SKEWES

- 4. We shall for the present assume the following hypothesis, which we
call (H), about the zeros p = B-iy.

(H) Let X, = expexpexp(7-703), G = X3, B = X;3log-?X,. Then for
every zero p such that |y| < G, B satisfies

b=p—%<B.

For reference we shall prefix (H) to those results which depend on the
hypothesis (H).

(H) LemmMa 3. Let ‘q,bl(x) be defined, as usual, by
ha(@) = [$w) du = 3 (a—m)A(m).

n<x

Then, on hypothesis (H),
() W) —het| < 8z (2 <2 <€),
(i) @) —d22] < Jat (¢ <2z < Xy).
For z > 1 we have the formulat

2 P+l B £'(0) Z_;’(-—-]_)H = rl—2r
hi =i = Z plp+1) ’ &(0) T {(—1) & 2r(2r—1)

From Lemma 1 (i) and (ii1), and assuming (H), we have, for x < X,,

(3)

r

P+l P~} Pt
A3 e 3 il 3
2 p(p-l—l) lyl<d p(p-l—l) IyiZ2 QG P(P+l)
,, 1 1
iyl ¥ m
< 15

we obtain both (1) and (11).

5. LEMMA 4.
i) liu < (1-0004)uf/logu (u = exp(4.10%));
(ii) liw < 2uflogu (u = 2).

The value of 1i2 is 1-04... . For u > u, > €2, say,

..._.]_Z.._., < i( w )/ ] — 1
logu ~ du\logu log uo)'

T (2), 73, Theorem 28.
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w

Hence li’u,: ]jfu,o_l_ —

0T 1—1/log u,| logv],,

and the result (i) follows by taking u, = exp(3.10%). By taking %, = e,
we find that (ii) is valid for « > 8, say, and, for 2 < u <8, (ii) is trivial.

6. We define I1(x), a8 usual, by
M
1

l(z) = > —n(@m), M = [logz/log?2]

m=1

LEMMA 5. For xz > exp(4.10%), either n(§) > L € for somefof 2 < € < at,
or else 0 < I(x)—m(x) < (1-0005)x/log x.

Supposing the former alternative to be false, we apply Lemma 4 (1) to
the first term on the right-hand side of

M1(z)—m(z) = @)+ > 7@

me=3

and Lemma 4 (ii) to the remainder. Then

M(z)—mn(x) < $lizt+-2 g ximflog x

m=3

< (1-0004)xt/log z-+(0-0001)zt/log 2,

and the desired result follows.

7. (H) LemMma 6. Let P(x) be defined by
P(z) = (II(x)—liz)— (Y(z)—=)/log z.

Then, on hypothesis (H),
| P ()] < (O-OOOS)xillogx (exp(10%) < 2 < X,).

We have [(2), 64]

L2 1
[ u)—u 2 1
Plx) = ulog?u du_l—log 2 iz,

J
and therefore, after integrating by parts,

h@) =k $@=2. 2 ol iin _
zlog®x N ;10g32 +10g2 112\,'}"']" @)

where J = f {i)y (u)— du?} d{u lggﬁu}'
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]

¢

Now 71 < [ Wit —ot| i = [+
2 2

&
u? logy N

Now apply Lemma 3. We have, on (H),

A

_ et
32 ut \1
J —
W< ! u logiu G+ f (log”u)u’ -,

Since ut(log® increases with u for u > €8, it follows that, for
exp(10?) <z < X|,

i
|J|<_§E_. *

1 ; i
og s T Tog 4xt < 480000424 /log x.

Substituting this inequality in (4) and applying Lemma 3 (ii) to
(¥1(x) —12?)/x log®,
we obtain the required inequality.

(H) LEMMA 7. Assume hypothesis (H). Then for any giwven x satisfying
exp(10?) < z < X, either

(1) w(€)—li§ > 0 for some £ of 2 < ¢ < ath,
or else
(1) “Yolx)—2x > (1-001)a¥’ implies ‘n(x)—liz > 0.

(i) 1s the first alternative of Lemma 6, and (ii) follows from the second
one and Lemma 6, since

(m(@)—liz)logx = {(x) — ()} {ho(x)—a} —

———{gbo(:c)——:c-'—-(II(x)-——li z)log x}"“.{(n(x)—fr(w)-)logm}
> 04-(1-001)xt — (0-0005)at — (1-0005)xt = 0.

8. (H) Lemma 8. On hypothesis (H),

Z a;P—i xi}'

Ivi <G

For bﬁevity write the series on the left as S (), and let, as usual,

| < 0-0234 (exp(10%) < z < X,).
p—% = B—3+iy = b+iy.

Then

< ( Z }g)mM{ly(x"—-l)l-l-B}-

ivl<g ¥ /<G
Applying (H) and Lemma 1 (iii), we have therefore
S(x) < (0-0466)[ G(2Blog X,)+ 3+ B) '
< 0-0234.
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9. We now develop a modification of Ingham’s argument. Consider the
formula (see (4), 204 (6))
b

f x(x) (o) —2) dax

a
b b
1

=-=2, ;f x(@)a dz 4 f x(@){} log(1—z3)-1—L'(0)/L(0)} dx,  (5)

P~ a

where 1 < a < b < o0, and y(x) is any function integrable in the sense of

Lebesgue. Let :
K (y ) — (I‘Slz;y)2’

so that, for real «,

U [ ey o [I—lal (le] < 1),

Let T' = 500 and w be any number satisfying « > 2.10%. In (5) substitute
x = e¥, y(e¥) = 6“H“TI{{T(u-—-w)}, a = elw, b = elw.

Then, writing for brevity

Flu) = {yole”)—ev)etv 7)
we have
fw 1 i
f TR(T(u—w)}Fu) du =~ - f TR{T(u—w)}ee-b* du + R, (8)
o S

where, if we define r(u) by

r(u) = e-¥u{} log(1—e-2v)1—L'(0)/L(0)},
fw
R is given by B == f TK{T(u—w)}r(u) du.
tw

Since dw < U < gw-and w > 2.10% we have
Ir(u)| < 2e~# < 0-00001;

hence [in virtue of (6), with a« = 0]

fw
|R| < (0-00001) f TE{T(u—w)} du
tw

$Tw
— (0-00001) J' K(y) dy < (0-00001)2. (9)
—3Tw
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Substituting = w+y/7 in (8), we.have from (8) and (9)
17w

7w
| K@ F@+ymydy = D~ | Kae-varmay i R, (10)
p

~#Tw ~3Tw
where |R| < (0-00002)x.

For the infinite series on the right-hand side of (10) we shall substitute

the finite series .
ef)/(U )
yylT
E - flf(y)e Wit dy,

Vi<

where G is the number defined in hypothesis (H), § 4. The total error
Introduced will be the sum of three errors ¢, ey, €3, where e, comes from

discarding those terms for which |y| > @, e, from replacing (elP-¥w+uD) /4
by (ew+)liy, and e; from extending the limits of integration from
+37Tw to 4-00. We shall deal with these errors in separate lemmas.

10. LEMMA 9. For 2.10* < w < 3log G, the error
7w

Oy === Z _!. J. ]((y)efp—i)(w+ﬂm') dy

lyl= ¢ p-—&Tm
satisfies le;] < (0-0002)7.
Since —3Tw <y < 7w, we have 3o < w+y/T < $w. Let

M = sup z L eto-tm for o < m < 3w
vl= G P
P
$ T'ew 1
Then lell it f ]{(y)( Z .._e(P'"D(w-FvIT)) df]

: b 3T Iyl =2 G P

$T'w
<M | K@) dy < 2nM,

——l"fw

and this is less than (0-0001)27 by Lemma 2 (ii) applied to e-#mR(em_ @),
since (4w, §w) 18 included in the appropriate range.

(H) LEMMA 10. On the hypothesis (H) and for w subject to
2.1 < w < §log G,

the error
| tTw 3 Tw
1 o |
ey = Z s K (y)ee- D+ gy — Z — | K(y)etvwtun gy

satisfies les] << (0-0468)7.
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As in Lemma 9, we have jo < w+y/T < 3. Suppose here that m 18
that value of w-y/T for which the value of

2 1

— e(P— w4y T) l 61:7((0 +y[T)
|yl <(¥

p vy

is gredtest. On (H) and for 2.10* < w < {log G, the error e, satisfies
] 1

1 Tw
elp-Dlw+ylT) __ _ e1Yw+ylT)

g} < J K(y) z p o

—3Tw lyl -G
}Tw
Zelp—Hm 1 plym

< Z ; L f K(y) dy

Iyl <G A Tw
< (0-0234)27
by Lemma 8, since m again lies in the relevant range.

LEMMA 11, For w > 2.10% and T = 500, the error

dy

1

satisfies les] << (0-00002)7r.
Since K(y) is an even function of y and the y 's are symmetrically dis-

tributed, we have

J K(y)erv™* dy

'}’
0<y<G " 137

—4 Y +4 Y .

0<y<T T<y<d
Now we have the two inequalitiest

leg] < 4

oo

8
4 "2d =t .
m < farar g
f K (y)eI™ dy o
; T . oT 4
i7o - etvUiT — ety K' () dY| < — 177~
w{ } Y] 37w
Tw
Using the former inequality n Y and the latterin Y , we have, from
0<y<T T<y<@
Lemma 1 (i) and (11),
2 1 064 1 32 1 64 1 logT
e S L% S Aol lent i
o o<y<T L4 T<y<@ L4
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11. ¥From Lemmas 9, 10, and 11 we may now replace (10), subject to.
the condition

2.100 < w < tlog G, (11)
7w
1yw
by | K@)Fetyyay=— 3 &° i f K(y)eri? dy + B, (12)
7w V<@ vy J
where || = |R—e,—e,te4| < (0:0471)7.

Applying (6) to the series on the right-hand side of (12), we have, still
-subject to (11),

$Tw

f K@)F(+y/T)dy = —2 > 2#“”‘”(1__%’_,)_,_1;

—Tw O0<y<T Y
~ 2 Z 2-;73‘“”‘”(1____) (0-0471)7r. (13)

0<y<T 4 T

Now let Fy; = Fy(w) be the upper bound of F(w-+y/T) for the range
—3Tw <y < $Tw. Since K(y) > 0, (13) gives

$Tw 3w
| . 1 )
FyJ = f}u-é; f K(y)dy > - f K(y)F(w+y|T) dy
— 3T w — 3 Tw

> 9 Z .5‘“2’_5_"(1__1)--0-0236. (14)
0<y<T 4 T
Y

Now by the definition (7) of F we have
Fyy = upper bound of (Yo(x)—2x)xt for etv < x < ele, (15)
We are therefore in a position to establish the following lemma.
(H) LEMMA 12. On the hypothesis (H) a sufficient condition that
m(x)—liz > 0,
for some x satisfying 2 < x < X,,} s that, for some w subject to the

condition (1'°
Bin‘yw(l Y )
— - ———1> 0:5123. 16
of:)zﬁoo 4 000 \19)

When (16) is true we have, by (14)] (and the fact that 7 = 500),

E,,J > 1-:001, and a fortiors Fy; > 1-001 since J < -2-!- I = 1. Lemma 12
| i
then follows from Lemma 7.

+ Werecall that X, is the number concerned in (H), § 4, namely exp exp exp(7:703).
1 Which is valid subject to (11).
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12. Our problem is now to find a suitable w. It must be chosen so that
the sines in (16) are predominantly negative, and such a choice is made
as follows.
~ The number N of terms in the series on the left-hand side of (16) is equal
to the number of v’s satisfying 0 < v < 500; this is known to be

N = 269. (17)
Let w, and ¢ be the numbers
Cwy = 2.1044+1, g = 3600. (18)
By Dirichlet’s theorem there is a number ' satisfying
wy < w < wyq® (19)
such.tha,t Zi'-— — 7 | < : (n =1, 2,..., N), (20)
27 q
where 7, is an integer. Now let
w = w —k, (21)
where k = 5. ‘(22)

Then, from (20) and (21),
siny, w = —sin(ky,,—d,),
where lb,,| < 27/qg = 0°6". Now from (17), (18), (19), and (22),
2.1 < w < wpq™V = (2.10%4-1)36002%° — expexp(7-7021...) < tlog G.

The condition (11) is therefore satisfied. Hence, by Lemma 12, we shall
have m(x)—lix > 0 for some z satisfying

2 < v < X,
provided that
— Yal — N Sl . ‘
Loy, 500

13. The inequality (23) is actually true. The right-hand side is what
determines the top index of X, and it is here that we try to refine. It will

suffice to sketch the numerical considerations involved.
The angles ky,—¢, range from 6° to 215° and the first 213 sines are

positive. In the case of the remaining negative terms, for which
180° < ky,—d, < 215°,

the y’'s satisly 420 < y,, < 500.

Hence, in addition to the fact that 1/y,, is small, either the absolute value
of the sine or the factor (1—vy,,/ 500) is small, and these negative terms prove
to be of little importance. For the rest, sufficient is known about the values
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of the »’st to enable us to obtain a lower bound to 8 by straightforward
oalculation, |

In this the first 29 terms are calculated separately, the remainder are
grouped in intervals (of the values of the y’s) of 10. For example, the first
group. contains the 4 terms for which 100 < y < 110, and the last group
contains the 7 terms for which 490 < 5 < 500. We obtain a lower bound
to the contribution of each term, or group of terms, by making use of the
fact that the function P(y,), defined in (23), satisfies (whatever the parti-

cular values of P> Pross) Py, < P(Ynsp) fory, < 457 (approximately), and

thereafter satisfies p(y,) > p(y,.,). We may replace each of the first 29 4’s
by the upper bound to the interval in which it is known to lie, and for those

groups for which y < 450 we replace each of the v'8 in the group by the
upper bound of the interval in which it'lies. The same replacement applies
for the subgroup 450-457. For the subgroup 457-460 and the remaining

groups for which y > 460, since P(y,) 18 now increasing, we replace the 4’s
in each group by the lower bound of the interval concerned. For example,

each of the 4 ’s between 100 and 110 is replaced by 110, while each of the

7y’s between 470 and 480 is replaced by 470. ¢, is replaced by -6’ or — 6’
according as y, k < 90° or y, k > 90°.

We find that S > 0-5131 > 0-5123.

[Ty(x)—lizx = %{H(x—{—O)—{—H(x—-—O)}—-lix, |
where I1(x) is defined as in § 6. For x > 1 we have ((2), 81-82)

. : - du
: e Mlet— _ P -__ﬂ-_i———.'___“ e I
] IO(x) h L zp ha _I_ f (! 2 l)'u log Y log 2! (24)

the series being boundedly convergent in any finite intervaj 1 <egKx2zLb.
~ The Ii function for a complex argument is defined by

| iz = lierlgz (25)
and, for w = u-}-vi where v £ 0,
w4 i
<
h e¥ — f f_‘ dz_
z
— 00+ DI

T (6). (7). (8), (9). In addition I have used some calculations performeq
Dr. Comrie, kindly lent to me by Professor Titchmarsh.
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We define the function L(t) for ¢ > 0 by the series

L(t) = —e- Y lier. (26)
P
From (26) and (26) we have, for ¢ > 0,
| (B+ivi A
Tl = e €1 N -t |
L{t) = e 2 f zdz Ze _ f-pt——vdv
P —ootiyt P 0

0
glp—t¥ ] e~ dv
po Z -I— Z e(P"'B)t f .
pt : (pt—v)?

both series being boundedly convergent in any interval of type

D<a <t
since the first 1s. So

—L(t) = Zau(p:t) + 2 talpst), (27)
. 5 .
elp—b _ " e do
Uy = i a, = eP— (oi—v)? (28)
0
15. Lemma 13. |L(t)| < 4e¥t (t > 1).

By Lemma 2 (iii), if 7 = ¢ > e,
13 uy(p,t)] = |7 H(log7)~! 3 7p| < 37
In u,(p,t) we have |pt—v|® > |ipt|* = V2312,

| < 722, (D ug| <elt223 y7? e
' vy >0

since ¥ y~2 < 0-05. The result follows.

16. LemMa 14. A sufficient condition that m(x)—lix > 0 for some x

of 2< e < X8 that, for some y satisfying 10* <y < log X,
L(y) = 1. (29)

Suppose the condition of the lemma is satisfied for a certain y, and let
o = ev. Then, by Lemma 5, either m(£)—Jié > 0 for some § of 2 < &€ < at,
or else

I1,(x)—m(x) < [1(z)—n(z) < (1-0005)xt/logx < 2xt[logx.

In the first alternative, we have what we want at once, and we have only
to consider the second. Now, from (24) and (26), the integral in (24) being

positive, ,(x)—liz > «tL(y)—log2 2 x—log 2,
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and so, from the second alternative,

m(x)—lix > xt—log 2— 2zt /log a ~
as desired. o8 *iloga > 0,

17. Let X, and G be, as in § 4,

X, = expexpexp(7-703), @G = X3.
Since we cannot use O’s in connexion with numerical bounds, we shall
use #'s (¥, &), etc.) to denote numbers, possibly complex, satisfying
|#] < 1. They will in general not be the same from one occurrence to the

next, but where more than one occurs in the same expression we dis-
tinguish them.

~ Let y > G, and let A be any real number satisfyingt

| Al < G (< y)
Consider; the function F(y,)) defined by

F(y,A) = f[-——-L(t)]t.e’f" dt, (30)

iy

L = E(t,y,A) = —Mit—}(t—y)%[y. (31)
We have the following result.

LEMMA 15. Write b = B—1, r = p—}—i) = b+1(y—A). Then, subject
toy = G = |A|

where Up) = (Qﬂ!/)!e(mrzw(i—l_%ﬁ)+&,e_;? 2 (53)

The proof of this is rather long, and we break it up mto two subsidiary
lemmas, A and B, and a short final deduction from them. We have among’

other things to show that the series (27) for L can be integrated term by
term in (30): this involves a limit-process T — oo for fixed y, A. The parts
of Lemmas A, B dealing with this use O’s, which are accordingly uniform

in the p (or y), but not in the ‘fixed’ y, A; the K’s similarly are independent
of p, y, but not of 7, A.

LeMMA A. For u,(p,t), defined by (28), we have

0

e—K1*
f u, tefe di = 0( 2--—-*-), (34)
T Y ,
% b ~}
u, tef dt = Emy) e"“f”"""”+-~2 ve . (36)
iy 1 P -},2

t These conditions hold throughout the rest of the paper. Note that G is so large
that any inequalities like 100y'%¥/® < e~¥/1° that occur in the run of our argu.
ment will be true when they are ‘true for large ¥°.

1 The introduction of F(y,A) is the idea given me by Professor J. E. Littlewood,
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LeMMA B. For uy(p,t), defined by (28), we have

0 Y g -
[ ugte® dt = O(e : ) (36)
. 14

- (r+4r%) ’

f Ugtel df = —3-21'? (27y)t & v-]—-‘-g%e““'. (37)

4 Y y® Y

18. In Lemmas A, B we may, by symmetry (since A can take either

‘sign), suppose without loss of generality that y > 0.
'Proof of Lemma A. We have

Fort > T, "

f u, te” dt = 1[9—’:—‘ f(t)]t ol Itf (¢) dt.

As T -> o0 we have, umformly int > T, f(t), f'(t) = O(e*T"). It follows
that f u, teF dt exists, and that it is O(y—2e~5T"); and this is (34).

o0 o

§
Next, f u, tef dt = ! f ert— -Vl g — (27y) elr+iry, (39)
o P P |
Again,
: o 1[ evit iy | & eYit
., teF df — [_...., f(t)] " f " pty dt = -+, say.  (40)
o pLY —o P J YV
We have f(--oo) —= 0 and |f(}y)| < btV < e"h/ so that
Jy = Oy %W,

Also, for —o0 < t < 1y,
1f'(1)] = {(B—3—1iA)—(t—y)/y|ett-1¢-v'iv
< (34 A+ [t—y|)ebi- 1wy,
Writing u = |{—y| = y—t, and observing that u > > 3y and

I+ < 2y < §u,
wW©E have ' fri {{. 4u6b(y—u)—}u’ly g | 2(by+u)ebve-bu-—}u’ly’

1yl < 12726 [ (by+u)etutv du = 12y-Syett—fov

\{ 127,—2!,6-3'5'” .< y""ze"lv.
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8o Jy+Jp = 280y~2e-¥, which, combined with (39) and (40), gives (36} and
completes the proof of Lemma A.

19. Proof of Lemma B. Lett > T and T — o0. We have lpt—v|? > 3
and so, from (28),
f

J‘ u, te® di
T

0 ' .

\<\_ f e~V d?).'y"'z f t-—%ebf—l(t-v)'ludt
0 T
= O(y~2e-"T’),

o0
and _[ exists and satisfies (36).
/4

Fia. 1.

Next we have f ug te” dit = f e*H(p,v) dv,
ty 0

. . rt— 3l —17)? tdi
H H(p, 1)) — fe ! ?I)IU(Pt“v)z_ (41)

¥,

We prove (37) of Lemma B by showing that for each v of (0,00) H is of the
form of the right-hand side of (37)"(noting that f e¥dy = 1).
v

We deform the ¢-contour }y to oo, or 4B, in a manner Independent of v,
as follows. Let u = y—A, b = min(2, e|). With ¢ = ¢+4m we take a line
7 = hysgnu (= +hy), and replace the original path AB by ACD of

the figure (drawn for the worst case, namely sgn p = —1). First, the pole
! = v[p 18 outside the shaded area, so that{ H = f . For the poleis on a

ACD
line (dotted in the figure) whose slope (tangent) is —y/8; this is downward}

and steeper absolutely than y, > 14, steeper, therefore, than OC in the
unfavourable case (of the figure) when C is below 4.

T The mtegrand i< uniformly O(e~E€*) as ¢ - o0 in tho shaded aren.
I Recall that in this proof we have y > 0. |



ON THE DIFFERENCE n(z)-lie 40
Taking the integral for H along ACD, then, we have

lpt—v| 2> lim(pt—v)| = |y§-+Pnl

> yE—1.2y > Yyt
(since y > 14, £ > }y). So

H| < 9y~ é[ B2 di], (42)
ACD

where E, = rt—3@—y)Ply, r="b+w, (43)
and, as alternative forms,
By = —dy+(r-+1)—32fy = (r+32y—3t— 0+ Dylly,  (44)
re B} = —3y+(b+1)é—pun—3E y--37%/y. (45)
On AC we have ¢ = }y, n = ohysgnu, 0 < o < 1, |
re By = [—3-+1(b-+1)ly—dwy—ohy (|| —3oh),
and since the last term is non-positive and b4-1 < 8, re E; < —1y, and
[ lemg-2 dt] < e-iv(}y)—20C.AC < }e-iv. (46)
AC -

For CD we have two cases.
Case (i). |u| < 2. Here n = py (= 1m7r.y),

E, = (r+3r)y—3[E— b+ 1)y Py,

[ eErg-2t di|. < |er+iru| J‘ e—HE-O+DUIu{E-2(2y 1 £)} dE.
CD  §7) |
The curly bracket is greatest for ¢ = }y, and it is then 36y-1. Taking this

outside, and then the integral from —oo to co, we find that I 18 at most
| D

- (2my)h e |36y,

Combining this with (42) and (46) we have, in case (i),
|H| < 9y~2(e W (2my)b|er+ir|36y-1). (47)
Case (i1). |u| > 2 Here CD has n = 2ysgnu. We have from (45)
re B, = —3}y+4(b+1)§—2|uly—3E*/y+2y
< —§y+36—1£%y, since |u| > 2,
= —}y—1Ey—-HE—3y)ly < —ty—1E%y.
As before, |£-2%] < 36y~1, and so

[ lemg-2 di| < 36y~ [ et dg < fe-v.
cD ' — 0

5388.3.5 F



66 NS. SKEWES

¥From thisand (46), |H| < 9y~2e-#,and (47)is true aléo in case (ii). A4 fortiors
H 18 of the form of the right-hand side of (37), and, as we observed above,
this proves (37). This completes the proof of Lemma B.

20. We now have Lemmas A and B (in which y now ix not restricted to
'be positive), and can take up Lemma 15. By Lemma 13 and (30) we have

T
F = lim J [— L(t)]teE dt,
| T-—>oc0 o
7
since rel = —3(t—y)?ly < —Ki* as t >o0. In J we may substitute

37,

— L(t) = D u, + D u, from (27) and integrate term by term, since the two
geries are boundedly convergent. If we then replace 7' by oo in each term,
the error is | |

oD O

3 J u te¥ dt > J wyte? dt = O(e KT* Y y-2),
7' 7
by (34) from Lemma A and (36) from Lemma B, and this tends to 0 as
T - oo. Hence F(y,0) = Ulp),
N

; oD o
where U(p) = [ u, te® dt -} f w, te® dt,
1y tv

and when we substitute from (35) and (37) (and make a couple of small
adjustments) we arrive at Lemma 15.

21. LEmMA 16.Ff Fory > G = X > 0 we have

Fg.N= > 1(2wy)te<r+lr=>v(1 n

ly—Al< 2 P

3'0:‘}) Yy
Y

Since 400(p|/(y%y) < 30/y < 1, Lemma 15 shows that F is equal to
something of the form of the ) in the lemma, plus

(2my)}|er+iry 1 '
2.9 it I L Do Y 45
: ly—-z)u:m ¥4 2 Z Y’ -
When |y—A| > 2 we have
re(r-+4r%) = b+ 36— 3(y—A)? < —Hy—A)2—4,

$ (i) From now on A is non-negative (we normalized in the proof .above to y > 0
and A of both signs). (i) The &, of course, varics with the term it occurs in.
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and also |y/(y—A)| < 14X < 2y. The first term in (48) is therefore

> %%(27‘1-;:/)1!{|y-—-—)\|e"*‘7"")’}e"” = 39, (49)

since the curly bracket is less than (say) 10. Lemma 16 follows.

22, We are now in a position.to develop the consequences of (NH), the
negation of the hypothesis (H). To assume (NH) is to assume that a zero
Po-t-1y, exists (with y, positive, by the symmetry) satisfying

- by = Bp—3% > X7 ®log—%X, = B,

0 <y < X3 =G.

We begin by supposing that (for an undetermined Y) the relation

"L(y) = 1 for some g’ occurring in Lemma 14 is not satisfied for the range
G < y < 4Y; that is, we suppose thatt

Lin) <1 for @ <n <4Y. (50)

By arguing from the pair of hypotheses (NH) and (50) we find ourselves
-able to produce a ¥, (actually G'%) such that, if the ¥ of (50) is ¥, there
18 a contradiction. Then (NH) implies (i) that (50) is false for ¥ = ¥;
80 (ii) that for some y of the range G < y < 4Y, we must have L(y) > 1,
when Lemma 14 (with 4Y for log X) gives #(x)—liz > 0 for some z of

2 <z < X = exp(4Y,) [= exp(4G)].

T'hus, then, is what results from (NH), and since the X is greater than the
X, derived from (H), it is our final number.

(NH) {

23. LEmma 17. If [in accordance with (50)] L(n) < 1 for G < o < 4Y,
then for 4G <y <Y, 0 < A < G, we have

[F(y,0)| <1, (61)
|F(y,A)| < 6Yi44, (52)
When X = 0, the condition |y—A| < 2 is vacuous, and (61) 1s & case of

Lemma 16.

Next, since L(t) is real for ¢ > 0, we have, for A of 0 <A <@, by
(30) ﬁ;nd (31)3 w
— F(y,A) = f t L(t)(cos At—1 8in At)e—¥¢-v)'lv gy

= X —1i.F, say. (53)

t This means ‘for all  of the range’, and similar interpretations are intended
wherever we do not explicitly have ‘some’. This being the usual mterpretatlon, wWe
may seem to be labouring the obvious, but the distinctions of * all’ and ‘some’ are
very vital, and comphcated by ranges (those in Lemma 17) that ‘look’ allke, but are
not quite so.
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Consider the four expressions

—F(y,0 r icos”} -y
(v, ) (*_!; 4 i )tL(t){ L sin At e— -y Ji
= J,+J;, say. (64)

In J, we substltute |L(t)] < 4€¥ from Lemma 13, and, remembering that
4G <y < Y, we obtain |

Q0

el < J L. 4e¥, 2¢—1-VVIV gy

v

Q0

= 8o [ fe--tde-wiw gy < 1. (65)
dy

In J; we have G <t < 4Y, and so L(t) < 1 by the hypothesis (60);

hence, the curly bracket in (54) being in all four cases non-negative, we have,
algebraically,

Y o0
J; < f 2t e Y-y ¢ < f (2y-|—2|t-——y|)e—“‘"”)”” di

= 2J(2wJ)*+8J < 6yl < 6Y1. (56)

Since | F(y,A)| < [#|+|F), from (53), and since 2|+ | 7| s, for each y, one
(varying with y) of the four combinations + A+ .#, we have, from (54) to (56),

[F(y,A)| < 6Y14-14-2|F(y,0)| < 6Y¥44,
the desired result.

24. We now combine Lemmas 16 and 17, and take ¥ = G'° (Y has this

meaning from now on). The upshot is that, subject to (NH), and to the
wrther “hypothesis’

1) L{n) <1 (G <7 < 4Y),
we have, for A, y satisfying
0 <X KQG, (57)
16 <y <7, (68
and for some set of ¥’s, |
z %e(rﬂr')v(]_'_?;ﬁ)l < (21ry)“"(6Y!+4+l) < YN, (69) x
ly - A< 2

where r = b+i(y—A).T |
We now take A = y,, where y, is the number in (NH), § 22. [A duly

+ We pooon to derive a contradiction from this state of things, as & result of which
one of (NH) and (H,) must be false.
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satisfies (67).] So from (69) with A = y, and so » = b4¢(y—o)>
300

{14 Z ) expl0-+ 6% — byt —yol(1-+0)] < 4T,
I7—Yel<2 P Y (60)

We need to know an upper bound for the number N of terms in the sum;
Lemma 1 (iv) with b = 4, T' = y,—2, gives

re

N < -;—-logyb—l—Bﬂ < logG. (61)
m

We proceed to choose, without violating (58), a y (= y,) for which the
real] parts of the terms in the sum in (60) are all positive. In the first place,
since y > 14, the argument of any factor i/p lies between 4 5°, and that
of any 14-308/y between 4-1°. Now by Dirichlet’s theorem there exists

a y, satisfying YV <y, < Y5, (62)
and such that, for each of the N ¢’s satisfying |y—y,| < 2

(¥ —70)(1+-0)yp— 27k | < }.2m,
where k is an integer. Further, with ¥ = G'%and N satisfying (61), y = y,

[satisfying (62)] duly satisfies (58). With y = y, the arguments of all the
terms in the sum in (60) lie between 4 80°; hence the real parts of all the
terms are positive, and the sum of them is at least as great as any one
term. Choosing the one term to be that with y = ,, we have

‘yo e(bo +403Ve { 1 30
2 2
vo+Bo Yo

ePve < Hyo+1/yo{1—30[yo} 1Y < 4 Y1 < GYY,
ebve < YiG = ('S
With B = X;3log—2X,, X} = G, this contradicts y, > Yt = G of (62) t

So either (NH) is false [and (H) true] or (H,) is false. In the first case
n(x)—liz > 0 for an x < X; in the second it happens for an z of

2 <z < Xy = exp(4Yj = eXp(4G'%) = exp(4.X39).

Since X, > X, = expexpexp(7-703), we conclude finally that n(x)—liz > 0
for some x < X, where

| <3,

10°
X = expexpexpexp(7-705) < 1010'"

1 There is a great deal to spare at this point: see the footnote on p. 50.
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